SINGULAR SELF-DUAL ZOLLFREI METRICS AND TWISTOR 

CORRESPONDENCE 

FUMINORI NAKATA 



Abstract. We construct examples of singular self-dual Zollfrei metrics ex- 
plicitly, by patching a pair of Petean's self-dual split-signature metrics. We 
prove that there is a natural one-to-one correspondence between these sin- 
gular metrics and a certain set of embeddings of RP 3 to CP 3 which has one 
singular point. This embedding corresponds to an odd function on R that is 
rapidly decreasing and pure imaginary valued. The one-to-one correspondence 
is explicitly given by using the Radon transform. 
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1. Introduction 

A Zollfrei metric, which was introduced by V. Guillcmin ( 5 ), is an indefinite 
metric of a manifold whose maximal null geodesies are all closed. C. LeBrun and 
L. J. Mason investigated the self-dual Zollfrei metric of signature (2,2), and con- 
structed its twistor correspondence ( |11|). They proved that only S 2 x S 2 and 
(S 2 x S ,2 )/Z 2 admit a self-dual Zollfrei conformal structure. Using the twistor cor- 
respondence, they also proved that such structure on (S 2 x 5 2 )/Z 2 is rigid, and, 
in contrast, S 2 x S 2 admits many of such structures. In the case of S 2 x S 2 , the 
corresponding twistor space is given by a pair (CP 3 , P), where P is the image of a 
totally real embedding KP 3 — * CP 3 . Their theorem says that there is a one-to-one 
correspondence between self-dual Zollfrei conformal structures on S 2 x S 2 and the 
pairs (CP 3 , P) at least in the neighborhoods of the standard structures. 

On the other hand, K. P. Tod (53) an( i H. Kamada independently con- 
structed infinitely many examples of ^-invariant scalar-flat indefinite Kahler met- 
rics on S 2 x S 2 , which are automatically self-dual. Because Zollfrei condition is 
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an open condition in the space of self-dual metrics these examples should 

contain many self-dual Zollfrei metrics, and a natural problem here is to decide 
whether all of them are Zollfrei or not. These examples are explicitly written in 
closed form, so it might be possible to write down explicitly the twistor correspon- 
dence for such metrics. We are not going to pursue these questions in this article, 
instead of that, we generalize the formulation to admit certain singularity, and 
we construct explicit examples of singular self-dual Zollfrei metric, whose twistor 
correspondence is explicitly written down. 

While LcBrun and Mason's theorem stands only in the neighborhood of the 
standard metric because they are using inverse function theorem for Banach space, 
our examples contain many metrics which are far from the standard one. We use 
the Radon transform to write down the twistor correspondence for our singular 
metric. 

In |15| . J. Petean classified the compact complex surfaces which admit indefinite 
Kahler-Einstein metrics. Petean constructed many self-dual metrics on R 4 to show 
that the complex tori or the primary Kodaira surfaces admit many of such metrics. 
Our examples of the singular self-dual Zollfrei metric are constructed by patching 
a pair of J. Petean's metrics on R 4 . 

Our main theorem is to establish the twistor correspondence for some class of 
singular metrics. We construct the singular metrics and the singular twistor spaces 
respecting certain fiber bundle structure over S 2 and CP 2 respectively. The main 
theorem is proved respecting a fiber bundle structure over a natural double fibration 
S 2 <— Z — > CP 2 for some Z, which is the twistor correspondence for the standard 
Zoll metric on S 2 . Remark that a Zoll metric on a smooth manifold is a Riemannian 
metric whose geodesies are all closed, and the simplest one is the standard metric 
on S 2 . The general case of twistor correspondence for Zoll structure is established 
by LeBrun and Mason ([1T1|). 

The organization of the paper is the following. In Section we recall the state- 
ment of the twistor correspondence for Zoll or Zollfrei structure respectively fol- 
lowing LeBrun and Mason ([ID], [II]). We describe the twistor correspondence for 
the standard structure on S 2 or S 2 x S 2 by introducing local coordinates which 
we use later. In Section [3] we introduce the definition of the singular self-dual 
Zollfrei metrics and the singular twistor spaces, and we formulate a conjecture of 
the twistor correspondence between them ( Conjecture 13.511 . 

In Section 0] we construct explicit examples of the singular self-dual Zollfrei 
metric by patching two Petean's metrics. Each example corresponds to an element 
of the set 6>(R 2 ) sym defined below. Let <S(R 2 ) the set of rapidly decreasing real 
functions on R 2 , and S(R 2 ) sym be the subset of 5(R 2 ) consisting of SO(2)-rr±variant 
elements, which we call axisymmetric functions. 

In Sections and El we construct explicit examples of singular twistor space. 
Each twistor space corresponds to an element of i<S(]R) odd , where i5(M) odd is the 
set of odd functions that are rapidly decreasing and pure imaginary valued. Our 
main theorem ('Theorem l5.1ll says that our conjecture holds when we restrict to the 
above mentioned examples. This correspondence is explicitly given as a transform 
between f(x) € S(R 2 ) sym and h(t) € 5(M) odd , by using the Radon transform. In 
Section [7] we give the proof of Theorem 15. II and the appendix (Section [HJ is the 
review of the Radon transform. 
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2. Standard model 

Zoll projective structures : A Zoll metric on a smooth manifold M is a Riemann- 
ian metric whose geodesies are all closed (cf.@]). An example of such a metric is the 
standard metric on S 2 . A Zoll projective structure on M is a projectively equiva- 
lence class of torsion-free connections on the tangent bundle TM whose geodesies 
are all closed, where two torsion-free connections are said to be projectively equiv- 
alent if and only if they have exactly the same unparameterized geodesies (|10|). 
Each Zoll metric defines a Zoll projective structure. 

C. LeBrun and L. J. Mason proved the following property in |10| : there is a 
natural one-to-one correspondence between 

• equivalence classes of Zoll projective structures on S 2 , 

• equivalence classes of totally real embeddings l : RP 2 — > CP 2 , 

in neighborhoods of the standard projective structure on S 2 and the standard em- 
bedding of RP 2 . Wc call this correspondence the twistor correspondence for Zoll 
projective structures. This correspondence is characterized by the following condi- 
tion; there is a double fibration S 2 J- V -U CP 2 such that 

(1) q is a continuous surjection and p is a complex disk bundle, i.e. for each 
x £ S 2 , T> x = p _1 (a;) is biholomorphic to the complex unit disk, 

(2) q x : T> x — > CP 2 is holomorphic on the interior of T> x , and q x (dT) x ) C N, 
where q^ is the restriction of q on T> x and N = t(RP 2 ), 

(3) the restriction of q on V — &D is bijective onto CP 2 — N, 

(4) {p(q _1 (y))} ye jv is equal to the set of geodesies on S 2 . 

The conditions (2) and (3) say that {(\(T> x )} x£ s 2 is a family of holomorphic disks 
on CP 2 with boundaries on N which foliate CP 2 - N. 

For the standard projective structure on S 2 , the twistor correspondence is de- 
scribed by the following diagrams which are explained below: 




We call the left diagram the real twistor correspondence and the right one the 
complex twistor correspondence. 

We denote S 2 = {t e R 3 : ||t|| 2 = 1}, TS 2 = {(t,v) € S 2 x R 3 : (t,v) = 0} and 
P(T5 2 ) = {(t, [«]) G S 2 x RP 2 : (t, «) = 0}. Let p : ¥(TS 2 ) -> S 2 be the projection 
and q(t, [v]) = [t x v], then we have the left diagram in l|2.1|l . 

Here we introduce a local coordinate system. We take an open covering {D + , D- , W} 
of S 2 where D ± = {t G S 2 : ±t 3 > 0} and W = S 2 - {(0, 0, ±1)}. We define local 
coordinates (xf,xf) G R 2 ~ D± and (a,0) G R/2ttZ x [-|, |] ~ W by 



*2 

Mi 



±(l + ( X f) 2 + (x±) 2 ) 



'i 



''cos a cos 0\ 
sin a cos j3 
sin j3 
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The circle bundle P(TS 2 ) is trivial over D± and W, and we define the fiber coor- 
dinate C ± and £ by 

D± x (EU {oo}) 3 (xf^f,^) 

(2.2) 

W x (RU {oo}) 3 (a,/3,0 <- 
The coordinate change is given by 



— £ sin a tan /3 + cos a 
£ cos a tan (3 — sin a 

In terms of these coordinates, the map q : F(TS 2 ) — > KP 2 is described by 

(2 4) (4, 4^) — [1 : C ± : - xff] , 

[a, P, £) i — > cos a tan /3 — sin a : — £ sin a tan /3 + cos a : £] . 

We define a complex disk bundle H)(TS 2 ) over S* 2 as a closure of one of the 
two connected components of ¥(T C S 2 ) - P(TS 2 ), where P(T C S 2 ) is the complex 
projectivization of TcS 2 — TS 2 ® C. The choice of the component is not essential 
because these components are canonically isomorphic by the complex conjugation. 

Extending real parameters and £ to the complex parameter inte upper or 
lower half plane M± = {z G C : ±Imz > 0}, we can introduce the trivialization of 
B(TS* 2 ) by 

B(TS 2 )\ D± ~D ± x (H± U {oo}) 3 (xf^f,^), 

B(TS 2 )\ W ~W x (H+U{oo})9 (a,/3,£). 

The coordinate change is given by the same formulas as l|2.3(l with complex coor- 
dinates. Then the map q : ©(TS* 2 ) — > CP 2 is obtained by the analytic continuation 
of q, i.e. q is given by the same formula as 1)2.4(1 . It is easy to check that the above 
conditions (1), (2), (3) and (4) hold if we put V = B(TS 2 ). 

Self-dual Zollfrei metrics : A Zollfrei metric on a smooth manifold M is an 
indefinite metric whose null geodesies are all closed (cf.jH])- In LeBrun and 
Mason investigated self-dual Zollfrei neutral metrics on four dimensional manifolds, 
where a neutral metric is an indefinite metric with signature (n, n) which is also 
called an indefinite metric with split signature. An example of such a metric is 
the standard metric go on S 2 x S 2 given by go = ir\h S 2 — ir^h^, where iti is the 
projection to the i-th S 2 and hs? is the standard Riemannian metric on S 2 . 

LeBrun and Mason proved the following property in [U]; let M = S 2 x S 2 
and g be a self-dual Zollfrei neutral metric on M, then every (3-surface on M is 
homeomorphic to S 2 . By definition, /3 -plane is a tangent null 2-plane at a point 
whose bivector is anti-self-dual, and (3-surface is a maximal embedded surface whose 
tangent plane is /3-plane at every point. 

LeBrun and Mason constructed the twistor correspondence for self-dual Zollfrei 
metrics. The statement is as follows; there is a natural one-to-one correspondence 
between 

• equivalence classes of self-dual Zollfrei conformal structures on S 2 x S 2 , 

• equivalence classes of totally real embeddings t : KP 3 — > CP 3 , 



dxf 



dxf 



e¥(TS 2 )\ D± , 
€ P(TS 2 )\w 



(2.3) 



xf = cos a cot j3, 
xf = sin a cot (3, 
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in neighborhoods of the standard conformal structure [go] and the standard embed- 
ding of KP 3 . They also proved that the Zollfrei condition is an open condition in 
the space of self-dual neutral metrics. It implies that the term 'Zollfrei' is remov- 
able in the above statement. This correspondence is characterized by the following 
condition; there is a double fibration S 2 x S 2 <X- Z CP 3 such that 

(1) W is a continuous surjection and p is a complex disk bundle, i.e. for each 
x G S 2 x S 2 , Z x — p~ l (x) is biholomorphic to the complex unit disk, 

(2) fy x : Z x — ► CP 3 is holomorphic on the interior of Z x and ^ x {dZ x ) C P, 
where \f! x is the restriction of \& on Z x and P — t(RP 3 ), 

(3) the restriction of \& on Z — dZ is bijective onto CP 2 — N, 

(4) {p('fy~ 1 (y))}y e p is equal to the set of /3-surfaces on S 2 x S 2 . 

The conditions (2) and (3) say that {^(Z x )} x£ s 2 xS 2 1S a family of holomorphic 
disks on CP 3 with boundaries on P which foliate CP 3 — P. 

The twistor correspondence for the standard metric go on M = S 2 x S 2 is ex- 
plained in Lemma 8.1 of For the later convenience, we give an alternative 
description of the double fibration for g , and we describe the situation by using lo- 
cal coordinates. The twistor correspondence is described by the following diagrams 
which are explained below: 



(2.5) 




TS 2 V(TS 2 ) 0r(1) TS 2 B(T5 2 ) 0(1) 




S 2 MP 2 S 2 CP 2 

Here p, q, p and q are the same maps as in the diagrams <|2.1[1 , and the upward 
arrows are inclusions. 

It is convenient to use an identification of S 2 x S 2 with Gr2(M 4 ), where Gr2(R 4 ) is 
the Grassmannian consisting of oriented 2-planes in R 2 . Each element of Gr2(R 4 ) 
is represented by a 4 x 2 matrix up to the right action of the group GL+(2,R) 
consisting of 2 x 2 matrices with positive determinant. We write [a, 6] for the class 
represented by a 4 x 2 matrix (a, b) with rank two. 

Putting y = [0 : : : 1] G RP 3 , RP 3 - {yo} has a line bundle structure over 
RP 2 defined by [z± : Z2 : z% : Z4] 1— > [z\ : Z2 : 23], and we denote this line bundle by 
Or(1). Using the Euclidean metric on R 3 , Or(1) is identified with the tautological 
bundle C = {([(}, v) G RP 2 x R 3 : v cx C} by 

Ck(1) 3 [ti : t 2 : t 3 : X] < — ► ([ti : t 2 : t 3 ], A(ti, t 2 , <s)) € C 

where t\ +t% +t% = 1. 

Let F be the fiber product of the tangent bundle TS 2 -> S" 2 and p : P(TS' 2 ) -> 
S 2 , and let Ok(1) -»■ RP 2 be the tautological bundle. Let F = L\\ ® L± be the 
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orthogonal decomposition over P(T5 2 ) where Lii = {(t, i 



G F 



i>} and 



L_l = {(i, [f]) £ f : w 1 d}. We define <£>o : F — » 0r(1) to be the composition 
of the orthogonal projection F — ► L± with the map L± — > £ ~ 0r(1) given by 
(i, w, [«]) i >■ ([t x «],«>). 



The embedding 


TS 2 M = Gr 2 (l 


R 4 ) is 


given 


by 






" *i 


-Vi 




(2.6) 


TS* 2 9 (t,v) i— ► 


*3 




-v 2 
-v 3 
1 


G Gr 2 (R 4 ). 


In this embedding 


, we have TS* 2 = 


Gr 2 (I 


£ 4 ) - Si where S£, 



point given by 



(2.7) 



r h 


-v 1 1 


h 


-v 2 


h 


-v 3 


I 






TS 2 is trivial over D± and W, and we define the coordinates (x± , x 2 , x 3 , x A ) G 



S T5 2 |d ± and (a, ft ei, e 2 ) G 5 1 



7T 7T] 

" 2 ' 2 J 



xl 2 = TSW so as to fit 



(2.8) 



±xf 


x^ 


±xf 


x 3 


±1 








1 



and 



cos a e 2 sin a 

sin a — e 2 cos a 

tan /3 £i 

1 



in the manner of (|2.6(l . Then the coordinate change is given by 



(2.9) 



£i sin a cot (3 + s 2 cos a 
— E\ cos a cot /3 + £2 sin a. 



,C ± ) and (a, /9, ei, £2,0) and 



The coordinates on F is given by (x x , x 2 , x 3 , x 
the map $0 is described by 

(2.10) (xf,xi,xf, x±,<?) .— > [1 : {± : -xf - xft* : -xfC 

(a, (3, £1, £2,0 1 — ► [£ cos a tan (3 — sin a : — £ sin a tan /3 + cos a : £ : — £i£ + £2] • 

Let 0(1) = CP 3 — {?/o} be the complex line bundle defined in the similar way as 
Or (1), and Z be the fiber product of TS 2 -> S 2 and p : X>(TS' 2 ) -> 5 2 . Similar to 
the Zoll case, we obtain the double fibration TS 2 <— Z — > 0(1) by extending real 
parameters and £ to the complex parameters. 

The double fibration M — Gr 2 (R 4 ) <— Z — > CP 3 is obtained as follows. For each 
,t G M, we define a holomorphic disk D x in CP 3 with boundary on KP 3 by the 
following; D x = & Ci0 (p~ l (x)) if x G TS 2 , and 

A,; = {[zi : z 2 : z 3 : u] : Imu > 0} U {y } 

if x G S 1 ^ of the form |2.7|>. where (zi,2 2 , z 3 ) — t x u. Then {^Jjem is a family 
of holomorphic disks in (CP 3 , MP 3 ) which foliates CP 3 - MP 3 . Let 

Z = {(x,y) £ M xCF 3 :yeD x }, 

then Z has a natural smooth structure such that the maps p : Z — > M and \f r : 
Z — > CP 3 are smooth. In this way, we obtain the double fibration M <— Z — > CP 3 . 
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The real version M <— F — > MP 3 is obtained by restricting Z to the boundary. 

Remark : By the identification Gr2(M 4 ) = S 2 x S 2 , the standard neutral metric go 
is described in the coordinates of TD± by 

Remark : The point y — [z\ : Z2 : 23 : 24] € MP 3 corresponds to the embedded two 
sphere {[a, 6] : j/a = yb = 0} C Gr2(K 4 ) which is a /3-surface for gg. On the other 
hand, the holomorphic disk corresponding to [a, 6] S Gr2(R 4 ) is the closure of one 
of the two connected components of {y € CP 3 — RP 3 : ya = yb = 0}. 

3. Definition of the singularity 

In this section, we introduce a certain singularity of metrics and twistor spaces, 
and state a conjecture for a singular version of the twistor correspondence. The 
main purpose in this article is to construct explicit examples such that the conjec- 
ture holds restricting to these examples. That is explained in the following sections. 

First, we study about the twistor spaces for the self-dual Zolfrei metrics. In 
the non-singular explained in Section |3 the twistor space is given by a 

pair (CP 3 ,P) where P is the image of a totally real embedding i : RP 3 — > CP 3 . 
In [U], C. LeBrun and L. J. Mason proved that if the embedding i is close to 
the standard one, then there is a unique smooth family of holomorphic disks in 
CP 3 with boundaries on P which satisfy (1) the relative homology class of each 
disk generates ^(CP 3 , P; Z) = Z, and (2) interiors of these disks smoothly foliate 
CP 3 - P. 

We formulate the singular version of the above conditions. Let i : RP 3 — > CP 3 
be the continuous injection such that the restriction MP 3 — {j/o} — > CP 3 is a totally 
real embedding, and let P = i(MP 3 ). We assume i is homotopic to the standard 
embedding KP 3 C CP 3 , then we have i? 2 (CP 3 , P; Z) = Z. 

Definition 3.1. The pair (CP 3 , P) is said to satisfy the condition (jj) if there is a 
unique family of holomorphic disks in CP 3 with boundaries on P which satisfy 
(jj 1) the relative homology class of each disk generates ^(CP 3 , P; Z), 
(jj 2) interiors of these disks foliate CP 3 — P, and the disks which do not 
contain yo forms a smooth family. 

In Sections El and El we construct examples of the pair (CP 3 , P) which is given by 
such singular embeddings and which satisfy the condition (jj). 

Next, we define the "singular self-dual Zollfrei metric" . Let M be a four dimen- 
sional smooth manifold, C be a two dimensional closed submanifold of M, and g 
be a neutral metric on M — C. 

Definition 3.2. g is called a singular neutral metric with singular (3-surface C 
if, for all x € C, there is an open neighborhood x 6 U C M with the coordinate 
u = (tii, U2, U3, U4) on U, which satisfies following two conditions: 

(1) C H U = {it G U : u 2 = u s = 0}. 

(2) Let j : (ux,U4,,r, <fi) <— > (1*1,^2,^3,^4) be the cylindrical coordinate given 
by U2 — r cos (f>, U3 = r sin <p. Then, for some smooth function h on U \ C, 
we can write hg = g s t + gi + o(r) such that g s t = 2{du\dus + du2du±) is 
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the standard neutral metric, gi is a symmetric tensors satisfying j*g\ — 
p(ui, Ui, (f)r 2 d(j) 2 for some function p, and o(r) is the error term satisfying 
lim r _^o o(r) = 0. 

We can also define the singular neutral conformal structure on M with singular 
/3-surface C. 

Remark : If we take the limit r — > for fixed (ui,U4,</>), then go + gi + o(r) — > 
.go + P • ( — sin 0c?W2 + cos (f>du^) 2 . This limit defines a neutral metric on T X M where 
x = limu G C. This metric depends on <j>, but {it2 = U3 = 0} always defines a 
/3-plane. This is the reason why we call C "singular /3-surface" . 

Definition 3.3. (i) A neutral metric g on M — C is called a singular self-dual 
neutral metric on M when 

(1) g is self-dual on M — C, and 

(2) g is a singular neutral metric with singular /3-surface C. 

(ii) g is called a singular Zollfrei metric when every null geodesic in M — C satisfies 
either of the followings; it is closed or the ends of its closure in M are the points in 
C which are not necessary distinct. 

In the non-singular case, every /3-surface is either S 2 or RP 2 if the metric g is 
self-dual Zollfrei (Theorem 5.14 of QD). ^ n our case i /3-surface is defined only on 
M — C. However we will see later that, in our examples, the closure of each (3- 
surface in M is homeomorphic to S 2 , with extra two points (Proposition 14.31 and 
I4.8|) . Motivated by these examples we state the following conjectures. 

Conjecture 3.4. Let g be a singular self-dual Zollfrei metric on M with a singular 
(3-surface C . Let S be any (3-surface in M — C , and S be its closure in M . Then 
S — S is a finite subset of C and S is a topological manifold. 

Let g and S be as in the above conjecture. We simply call S as a /3-surface for g. 

Conjecture 3.5. There is a natural one-to-one correspondence between 

• equivalence classes of singular self- dual Zollfrei conformal structures on 
S 2 x S 2 with a single singular (3-surface C ~ S 2 , 

• equivalence classes of the pairs (CP 3 ,P) which satisfy the condition (jj), 
where P is the image of a totally real embedding RP 3 — > CP 3 which has one 
singular point. 

This correspondence should be characterized by the similar condition as LeBrun 
and Mason's theorems, and the explicit formulation for our examples is given in 
Theorem 15.11 We formulated the conjecture for the simplest possible singularity 
of the twistor space because otherwise more complicated phenomenon would occur 
such as intersection of two singular /3-surfaces. 

4. Construction of singular metrics 

In this section, we construct the examples of singular self-dual Zollfrei metric, 
by patching a pair of Petean's indefinite self-dual metrics. We will see later that 
each example corresponds to an element of the set l S(R 2 ) sym consisting of functions 
that are rapidly decreasing, axisymmetric, and real valued. Recall that a smooth 
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function fix) on K™ is called rapidly decreasing if and only if for each polynomial 
P and each integer m > 

sup||x| m P(5i,--- ,0 B )/(aO| <°° 

where \x\ denote the norm of x. We write <S(R") for the set consisting of rapidly 
decreasing real valued functions on R™. We call / € 5(M 2 ) axisymmetric if and 
only if / is S*0(2)-invariant. 

Petean's metric is an indefinite metric over R 4 of the form 



(4.1) 



g = 2(dxidxs + dxidx£) + f(xi,X2) {dx\ + , 



where / is a smooth function. Such metrics are first introduced by J. Petean 
to construct examples of indefinite Kahler-Einstein metric on the complex tori or 
the primary Kodaira surfaces (|IS|)- For the metric 1)4. we have an indefinite 
orthonormal frame {e^ji given by 



(ei, e 2 , e 3 , e 4 ) = (d%, d 2 , d 3 , <9 4 ) 



2-/D 



1 


-1 


-1 


1\ 


1 


1 


-1 


-1 


6 


b 


a 


—a 


b 


-b 


a 


a y 



where 3, = 



^7 



and 



D = f + 4, 



b = 



f-VD 



2 ' 2 

I 4 be the bundle of anti-self-dual bivectors. If we trivialize A?_TIR 4 by the 



Let A 2 J 
frame 

ei A e 2 - e 3 A e 4 , eiAe 3 -e 2 Ae 4 , eiAe 4 + e 2 Ae 3 , 
then we can check that the induced Levi-Civita connection is trivial. 
Remark : Petean's metric is a special case of the Walker metric (cf.J3|,E]). A n( i 
the orthonormal frame defined above looks similar to the one explained in |13|. 
Following the arguments in [U], the vectors 

sin 2a e 3 + cos 2a e 4 

(4.2) 



mi 
m 2 



ei 
ei 



cos 2a e 3 + sin 2a e 4 



./ttZ. If we put 
sin a <9 4 ) , 



span /3-plane at every point in M 4 for each a e MP 1 

/ 

. . ni = cos <7 d\ + sina 9 2 (coscr . 

(4.3) 2 

n 2 = sincr 9 3 — coscr 9 4 , 
then the distribution (mi,m 2 ) is equal to (ni,n 2 ). 

Proposition 4.1. Let g be a Petean's metric of the form \4-l\ , then every (3-surface 
on (M 4 , g) is given by the solutions of 



(4.4) 



J — sin a x\ + cos a a; 2 = c 4 , 
1 coscr £ 3 + sincr ir 4 + i^(a;i, x%, a) — c 2 , 

/or some real constants a, c\ and c 2 , where 



(4.5) 



(^(afi, x 2 ,o-) 



1 f x 

— / /(coscr t — sincr /x, sin a t + cos cr /j,)dt, 

2 Jo 
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^\ / cos a sin er \ f x i 
Hj \ — sin a cos a J \X 2 

Proof. Notice that <p satisfies 

. « dw . d<p f 

(4.6) cos a h sin a —— = -. 

ax\ 0x2 2 

So the left hand sides of 1)4.4(1 are both annihilated by ni and ri2 ■ Hence these are 
constant along some /3-surface. □ 

Because (a, Ci,c 2 ) and (er + 71", — c\,— C2) correspond to the same /3-surface, we 
can assume a e [0, 7r). 

Remark : In D. E. Blair et.al. showed that the 'hyperbolic twistor space' 
over M equipped with a Petean's metric is holomorphically trivial. They proved 
this fact by constructing an explicit complex coordinate of the twistor space. This 
construction actually works in the case of the 'reflector space' ( 7 ) or, in the other 
literature, the 'product twistor space' (0). In this way, we obtain essentially the 
same statement as Proposition 14. II 

Remark : One can show a Petean's metric in the form (|4.1|) is flat if and only if / 
is harmonic (i.e. f XlXl + f X2 x 2 — 0). Hence, for example, if we assume / is rapidly 
decreasing, then the metric is flat if and only if / = 0. (cl. |14|.[T5]) 

Definition 4.2. Let g be a Petean's metric of the form (14.1(1 . then g is called 
rapidly decreasing (respectively compact supported, or axisymmetric) if and only if 
/ is so. On the other hand, the dual of g is another Petean's metric of the form 

g v = 2(dxidxs + da^cfa^) — f(%i, £2) {dx\ + dx%) ■ 

Remark : In the space of Petean's metrics of the form 1(4. ljl . the flat metric, i.e. the 
case of / = 0, is characterized by an (S 1 x S' 1 )-invariance, where (ti,T2) G S 1 x S 1 
acts on R 4 by 

Xl -^^Rir^h ~ X A R(r 2 )-\ ( R(r) = ( C0S T ~ SinT 
x 2 x 3 J y ' \x 2 x 3 J V \siht cost 

In the same way, the axisymmetric metrics are characterized by the (S 1 x {1})- 
invariance. On the other hand, the 'dual' defines a Z2-action on the space of 
Petean's metrics, then the flat metric is also characterized by the Z2-invariance. 

We use the coordinates introduced in Section [21 from now on. 
Proposition 4.3. Let g± be compact supported Petean's metrics on TD± given by 



(4.7) g± = 2{dxfdxf + dxfdxf) + f±(xf,xf) ((dxf) 2 + {dxf) 2 ) . 

Then the conformal structures of these metrics extend to a self-dual indefinite con- 
formal structure on TS 2 . Moreover, if g± are both axisymmetric and dual each 
other, then every (3-surface on TS 2 is an embedded S 1 xM. whose closure in Gt"2(IR 4 ) 
is homeomorphic to S 2 , with extra two points. 

Proof. If g± are flat i.e. f± = 0, it is obvious that these conformal structures extend 
to the standard conformal structure on Gr2(M 4 ) by the remark in Section [21 In 
the general case, because we assumed f± are compact supported, these metrics are 
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flat in some neighborhood of TS\w where Wo — {(a, (3) € W : (3 = 0}. So these 
conformal structures extend to a self-dual conformal structure on TS 2 . 

Now we suppose the axisymmetricity and the duality, and denote simply /+ = 
— /__ = /. Because / is compact supported, we can take R > such that 
f(xf ,x%) = when (xf) 2 + (xf) 2 > R 2 . By the Proposition 14. II each /3-surface 
on TD± is given by 



(4.8) 



— sin cr* xf 
cos cr* xf 



cos cr* xf 



-1 1 



■ sin a xf ± f(xf, xf , a ) 



c 2 ! 



for some (a ± , cf ,cf), where ip is defined by 1)4. 5|l . We observe that when (cr + ,cf,( 



, c 2 ), corresponding /3-surfaces are nicely extended in TS . So we drop the 



signs on cr, c\ , C2 for the simplicity. Changing the coordinates by (|2.3(l and (|2.9|l , the 

/3-surfaces are described in the regions {(a, (3, £1, £2) S TW : < |tan/3| < R^ 1 } 

by 



(4.9) 




cr) = ci tan/3, 

- cos(a - cr)e 2 + ^(a, /3, cr) = c 2 , 



where ip is defined as the following. Let 

/■±oo 

/'^ (cr, //) = / /(cos cr £ — sin cr ji, sin <7 t -\- cos cr p,)dt 
Jo 

be the 'half Radon transform' of /. Then we define ip, when < tan/3 < i?~ 



|/( + ) (cr, sin(a — cr) cot (3) 
1 hf^~H (7 ' sm (a ; — cr) cot /3) 
and when — R^ 1 < tan/? < 0, 

— |/(~)(cr, sin(a — cr) cot/3) 
-i/( +) (cr, sin (a -cr) cot/3) 



ip(a,f3,a) 



ip{a,f3,a) 



if cos(a — cr) > 

if cos(a — cr) < 

if cos(a — cr) > 0. 

if cos(a — cr) < 



Let / be the Radon transform which is explained in Section|Sl then we have p +s> = 
—f(~^ = \f from the axisymmetricity. Moreover /(/i) = /(cr, /i) is even for /1 
and does not depend on cr. So the equation (|4.9|l extends to |tan/3| < R^ 1 by 
exchanging ip(a, /3, cr) with 



(4.10) 



■0(a,cr;ci) = 




if 
if 



cos(a 
cos(a 



cr) > 

cr) < 0. 



Notice that cos(a — cr) ^ near {(3 = 0} because sin(a — cr) is close to zero by the 
first equation of (|4.9|l . Hence we have proved that a suitable pair of /3-surfaces on 
TD± extends to a /3-surface on TS 2 . This /3 -surface has a fiber bundle structure 
with respect to the projection TS 2 — > S 2 . In fact the base space is a big circle on 
5 2 and the fibers are orientable linear lines in some tangent space of S 2 . So it is 
isomorphic to a cylinder S 1 x R. If we take any point on this /3-surface, and let it 
move away along the fiber, then the point goes to 



(4.11) 



=pci Sin cr 
±Ci COS cr 
±1 




COS cr 
sin cr 







es* 
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so the proof is completed. 



□ 



The two points (|4.11|) are actually antipodal, i.e. they are exchanged by the nat- 
ural involution of S 2 ^ which is defined as a deck transformation for the orientation 
forgetting map Gr 2 (R 4 ) -> Gr 2 (K 4 ). 

Proposition 4.4. Let g± be Petean's metrics on TD± in the form \J^. 7| ) ; and we 

assume that g± are compact supported, axisymmetric and dual each other. Then the 
induced self-dual conformal structure on TS 2 = Gr2(R 4 ) — S 2 ^ defines a singular 
self-dual conformal structure on Gr 2 (K ) in the sense of Definition[ 



Proof. We check that S 2 ^ is a singular /3-surface. As an example, we study on the 
coordinate neighborhood U given by 



3 {ui,u 2 ,u 3 ,u 4 ) 



r ui 


— 1*4 


i 








1 


J_ u 2 


"3 J 



€ Gr 2 



In this coordinate, S 2 ^ is given by {u 2 — u 3 = 0}. We can check that U n TD + is 
given by {x S TD + : x% < 0} = {u G U : u 2 < 0}, and by a direct calculation, 

q+ = i \2(duxdus + du 2 du4) 
u 2 

+ r 2 f(ui tan</> — U4, — tan0) {(1 + u 2 )d(f> 2 + (sin^dui + cos0du4) 2 }] 

where u 2 = r cos <j>, U3 = r sin <ft. If we put p = / • (1 + u 2 ) and so on, the condition 
(2) of Definition 13.21 is satisfied. 

In this way, checking several coordinate neighborhoods, we can show that is 
a singular /3-surface for the metric. □ 

Remark : The (S 1 x S 1 )-action on TD± extends to Gr 2 (R 4 ) by 

fa, b] —> [% 1 ,r 2 )(a,6)] ^(n,r 2 ) = } 

The standard metric on Gr 2 (R 4 ) is invariant under this action, and our singular 
metric is invariant under (S 1 x {l})-action. 



Next we check the Zollfrei condition for our singular metric. In the non-singular 
case, self-dual metric g is Zollfrei if every /3-surface is an embedded S 2 (Theorem 
5.14. of |llj). Although we can not apply this theorem in our case, we can check 
the condition directly by writing down null geodesies explicitly. 

First, the following formulas are checked by a direct calculation: 

Lemma 4.5. Let V be the Levi-Civita connection of a Petean's metric of the form 
[P\t and let D = f 2 + 4, then 



(4.12) 



Va 3 = Va 4 = 0, 

„ a fdif _ 

V7 a fdlf _ 



V7 a /"i/q 

Sl 4 = "27T 4 ' 
9i/„ 9 2 /„ 

— - — a 4 . 
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Proposition 4.6. The singular self-dual metric on Gr2(K 4 ) in Proposition \4-4\ ^ 
singular Zollfrei. 

Proof. Because every null geodesic is contained in some /3-surface, the image of a 
null geodesic by the projection TS 2 — > S 2 is contained in some big circle of S 2 . 
We prove that this image is either one point or a whole circle. If the image is one 
point, from 1)4.8(1 or 1)4.9(1 . the null geodesic must be a linear line in some tangent 
space of S 2 . This is actually a geodesic, because, for example on TD + , we have 
Wg 3 — Vg 4 = by Lemma f4. 51 Notice that the end points of such a linear line are 
the antipodal points on S 2 ^. 

For the other case, we first study about a null geodesic in TD + whose image on 
D + is not one point. Without any loss of generality, we can assume this geodesic is 
contained in a /3-surface with <r + = in (|4.8|l because of the axisymmetricity. Let 
c(s) be a curve contained in this /3-surface. If the projected image on D + is not 
one point, such a curve is always written in the form 

xf = s, x$ = a, x£ = c 2 - </j(s,ci,0), x% = u(s), 

at least for a small interval of parameter s, where u(s) is an unknown function. 
Then the velocity vector is 



c(s) = <9i - {-d 3 + ^<9 4 . 

2 us 



Using Lemma 14.51 we have 



(4-13) _a 2/ ( S;Cl ). 



where V is the covariant derivative along c(s). Hence c(s) is an unparameterized 
geodesic if and only if 

&v_ = \ 
ds 2 ~ 2* 

Let ^o(s) be the solution of l|4.13|l with ^o(O) = t-'o(O) = 0, then any solution of 
(I4.13|l is given by 

f(s) = v {s) + qis + q 2 , 

for some constants qi and q 2 . Every null geodesic on TD + whose image to D + 
is not one point is given by rotating the above c(s). Remark that vq is an even 
function, moreover, because / is compact supported, vq is a degree one polynomial 
for |s| ^> 0. So we have 

(4.14) v (s)=A 1 \s\+A 2 Qs\>R), 

where Ai and A 2 are constants, and R is a large constant such as f(x) = for 
\x\ > R. 

Now notice the following geodesies on TD± parameterized by s± respectively: 

xf=s±, xf = a, xf = c 2 =F<^(s±,ci,0), xf = ±vo(s±) + qfs± + qf. 

We prove that these geodesies extend smoothly in TS 2 for suitable qf and qf, by 
changing the parameter 

f-J- s+>0 f — L s_>0 
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Changing the coordinates by (|2.3(l and (|2.9(l , these geodesies are written on u+ < 
a = tan~ 1 (-c 1 w + ) ^— — < a < — ^ , /3 — tan -1 + c\u\)~^ , 



where 



9 = c 2 - tp ci, 0) , S = u + v (-U+ 1 ) -qf + 

Similarly on u + > 0, (a, /3, £1,62) are given by the same equation with exchanging 
9 = c 2 + (p (-u+ScijO) , S = -u+^o - ?r + <?2~ M +- 

By the similar argument in the proof of Proposition 14.31 extends smoothly to 
w+ = 0, and from (|4.14(l . 5 extends smoothly to u+ = iff q± = qf and q^ = 
qf + 2A\. By the similar argument for u_, we obtain the same conditions. So these 
geodesies are nicely extended to a closed curve if q± = qf and q^ = qf + 2Ai . 

The rest possibility is that the projected image of a null geodesic is contained 
in the equator Wo- However these null geodesies are of course closed, because the 

\w - 



conformal structure is standard around TS \w n - O 



So far, we assumed that the Petean's metrics are all compact supported, but 
this assumption is weakened to be 'rapidly decreasing'. Actually the argument of 
the extension to TS 2 \w a works well essentially in the same manner, and only one 
thing that we have to check is the smoothness at infinity, which is almost obvious 
from the rapidly decreasing condition. Getting together, we have 

Theorem 4.7. Let g + and be rapidly decreasing Petean's metrics on R 4 , Then 
the disjoint union (R 4 , [<?+]) II (R 4 , [<?-]) naturally extends to a self-dual indefinite 
conformal structure on Gr 2 (R ) — S^. Moreover, if g± are both axisymmetric and 
dual each other, then this conformal structure defines a singular self-dual Zollfrei 
conformal structure on Gr 2 (R 4 ) with singular ^-surface S 2 ^. 

Remark : These are the required examples. Notice that each singular self-dual 
Zollfrei conformal structure corresponds to a function / 6 <S(R 2 ) sym by using the 
Petean's metric g+ which corresponds to /. 
From Proposition 14.31 we also have 



Proposition 4.8. Conjecture \S.4\ holds for the singular self-dual Zollfrei conformal 
structure corresponding to f G <S(R 2 ) sym . 

5. Construction of singular twistor spaces 

Recall that we identify RP 3 - {y } with the line bundle Or(1) -> RP 2 , where 
y = [0 : : : 1]. Let S(R) odd be the subset of S(R) consisting of odd functions. 
For each s(t) G <S(R) odd , we define a smooth section s of the line bundle Or(1) — > 
RP 2 by s ([0 : : 1]) = [0 : : 1 : 0] and 



(5.1) 

Then we put 



sin - : cos - : t 
2 2 



sin — : cos — : t : s(t) 
2 2 w 



P = C R (1) + i S(RP 2 ) = {u + i s(x) G 0(1) : x e RP 2 , u G O r (1) x } 
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which is a deformation of 0r(1) in 0(1). Adding the point yo to the pair (0(1), P), 
we have the twistor space (CP 3 , P). Notice that P is the image of a map l : RP 3 — > 
CP 3 given by i(y ) = y and 

Or(1) 3«i — ► u + i s(tt(u)) g P 

using the projection ir. For the later convenience, we use the pure imaginary valued 
function h(t) — is(t) G i<S(R) odd from now on. Then our goal is : 

Theorem 5.1. There is a natural one-to-one correspondence between 

• singular self-dual Zollfrei conformal structures on Gr2(R ) corresponding 

to f(x) G s{R 2 ) s y m , 

• tfie pairs (CP 3 ,P) corresponding to h(t) G iS(R) odd , 

which satisfies the following property. There is a double fibration Gr2(R 4 ) 
Z -^U CP 3 such that 

(1) $ is a continuous surjection and p is a complex disk bundle, i.e. for each 
x G Gr2(P 4 ), -Ha; = p~ 1 (x) is biholomorphic to the complex unit disk, 

(2) : Z x — > CP 3 is holomorphic on the interior of Z x and ^ x (dZ x ) C P, 
where ty x is the restriction of ^ on Z x , 

(3) the restriction of ^ on Z — dZ is bijective onto CP 3 — P, 

(4) {p(^]/ _1 (y))}j /g p is equal to the set of (3 -surfaces on Gr2(M 4 ). 

t o \ V 

Moreover, this correspondence is explicitly given by the formulas f = 2i ( 
and /i = —jHf. 

Remark : The dual Radon transform (-) v and the Hilbert transform TL are explained 
in Section [S] 

Here we explain some reasons why the above construction of the twistor space is 
reasonable. First recall that our singular metrics are standard on the equator Wo, so 
the twistor spaces would be standard over the corresponding point [0 : : 1] G RP 2 . 
This corresponds to s([0 : : 1]) = [0 : : 1 : 0]. Moreover, our singular metrics 
have S^-symmetry, so the twistor spaces would also have a similar symmetry. From 
the twistor correspondence for the standard Zoll projective structure, the S^-action 
on MP 2 is given by 

S 1 3 r : \z\ : Z2 '■ 23] 1— ► [cos r z\ — sin r Z2 '■ sin t Z\ + cos r Z2 : 23] . 

And the lift of this ^-action on R (1) = RP 3 - {y } is given by 

[zi : Z2 : Z3 : Z4] 1— » [cost Z\ — sinr Z2 '■ sinr z\ + cost Z2 : 2:3 : 24]. 

So s should be S' 1 -equivariant, if the twistor space is given by the section s of 
Or(1), and if it corresponds to our singular metric. Such a section is given by an 
odd function s(t) in the manner of (|5.1|) . 

Before we start to prove Theorem 15.11 we make some remarks here. First, we 
study about the real twistor correspondence for our singular self-dual Zollfrei met- 
ric. This real correspondence has important meaning not only for its geometric 
significance but also as a step of the construction of the complex correspondence. 
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We define a map <I> : F — > 0r(1) by 
F\ D± 3 (xf ,xf,xf,xf ,() i— 

(5.2) 

F\ Wo 3 (a,0,ei,£2,C) h ~ 



1 : C : -4 - 4C = ~xf( + xf ± 

1 J 3 4 sine 

— sin a : cos a : £ : — £i£ + £2 + 



where C = — cot a and Wo = {/? = 0} C W. From 1)4.8(1 and ((4.9(1 . the inverse image 
of a point by this map is a /3-surface. Hence 0r(1) is identified with the space of 
/3-surfaces by this map. 

Next, we study about the complex structure on Z, where Z is given in the 
diagram ((2.51) . Z has a natural complex structure defined from the self-dual metric 
on TS 2 as the following (cf.^J, see also |3]). Recall that for a given Petean's 
metric, any /3-plane at a point is written in the form (111,1X2) where 1x1,1x2 is given 
by ((4.3(1 . Putting ( = — cot a and by the "analytic continuation" , we obtain the 
complex tangent vectors 



dx± dx\ 2 \ dx^ dxj J dx% dx 4 



on Z\td + - The complex structure on Z\td + is defined so that its (0,l)-vectors are 
given by txi,tx 2 and -^L. 

The key to prove Theorem 15.11 is to construct a map $c : Z — * 0(1) which is 
described in the form 

(x 1 , x 2 , x$ , x\ , C + ) 1 ► [l : C + : — x t ~ x tC + '■ — x tC + x 4 H{ x i j C + )] 

on £)_)_. We will construct the surjection $ : Z — » CP 3 as an extension of $c- Notice 
that $c is holomorphic on Z\d + with respect to the above complex structure if and 
only if (i) H(xi , x%, C + ) is holomorphic for £ + and (ii) H solves 



6. Holomorphic disks 
We prove the following in this section. 

Proposition 6.1. The pair (CP 3 ,P) corresponding to a function hit) £ iS(M.) odd 
satisfies the condition (jj). 

We first study about the holomorphic disks which do not contain the singular 
point yo- Recall that any holomorphic disk in (CP 2 , MP 2 ) whose relative homology 
class generates i?2(CP 2 , MP 2 ; Z) = Z is given by one of the hemispheres of a complex 
line (p.498-500 of [Ej). We call such a disk the standard disk in (CP 2 , RP 2 ). Remark 
that P is nomotopic to the standard RP 3 in CP 3 , so # 2 (CP 3 , P; Z) ~ Z. 

Lemma 6.2. Let D be the complex unit disk and ip : D — ► 0(1) be a continuous 
map with (p(dD) C P. If tp is holomorphic on the interior of D and the relative 
homology class [ip] generates i?2(CP 3 , P; Z), then tp is a holomorphic lift of some 
standard disk in (CP 2 ,RP 2 ), i.e. the image of the composition ir ° ip is a standard 
disk where ir : 0(1) — ► CP 2 is the projection. 
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Proof. Let i : 0(1) — > CP 3 be the inclusion, then we have the isomorphisms 
Z = J ff 2 (CP 2 ,MP 2 ) H 2 {0{1),P) -^-> iJ 2 (CP 3 ,P) Z. 

Since [j = y>] generates ff 2 (CP 3 ,P), [tto^] also generates P 2 (CP 2 , MP 2 ). Because 
iTo(p defines a holomorphic disk in (CP 2 ,KP 2 ), it is a standard disk. □ 

Now let D be a standard disk in (CP 2 ,RP 2 ) and Td be the set of holomorphic 
lifts of D in (0(1), P). In the proof of next Lemma, we follow to the method of 
LeBrun and Mason f[T71 ] .[TT ] '). 

Lemma 6.3. Tu has a structure of smooth family of holomorphic disks parame- 
terized by M 2 . 

Remark : In our situation, we can calculate explicitly, and we have no need to use 
the inverse function theorem of Banach space. So we can treat many metrics which 
are far from the standard one. 

Proof o/TO Recall that 0(1) CP 3 -{y } (j/o = [0 : : : 1]) and the projection 
7r : 0(1) — > CP 2 is given by [z% : z 2 : 23 : 24] > [zi : ^2 : 23]. Let U be the affinc 
open set in 0(1) whose coordinate is defined by 

z 2 — ZZl Z3 ^4 
3l — T - — ' 32 — — : — ! 33 — — : — ■ 

z 2 + IZ\ z 2 + IZ\ z 2 + IZl 

Then the intersection B := 0k (1) n U is equal to the set given by 
3i3i = 1) 3i32 = 32, 3i33 = 33- 

We can parameterize B by (31,32,33) = (e l6 \ he^ , t 2 e^) by using 9, t\ and t 2 , 
or equivalently z — [— sin | : cos | : ii : £3]. So we have £? = R 3 /Z where the 
Z-action is generated by (0, ti,t 2 ) 1— > (0 + 2tt, — ii, — £2)- In the similar way, we can 
parameterize fl' := P n U by 

(3i,32,33) = (e ie ,iie^,[t 2 + /i(ti)]e^). 

Notice that (31,32) defines a coordinate on the open set tt(U) in CP 2 , and that 
tt(B') = tt{B) S M 2 /Z is equal to RP 2 -{[0:0: 1]}. 

The boundary dD of a standard holomorphic disk D is a real projective line in 
MP 2 . Each real line in MP 2 is described by either form of 

(1) (3i,32) = (e i9 ,a + ae ie ) for some a G C, 

(2) (31,32) = (e 2ia ,£e ia ) for some a e S 1 = R/2ttZ, 

where 9 £ S 1 and (el are the parameters. The case (2) occurs when the circle 
passes through [0:0: 1]. Notice that in the case (2), a and a + it correspond to 
the same line with opposite orientations. 

We give the proof for the two cases separately; one is the case when 3D is given 
by (1) and the other case is by (2). In the case (1), any lift of dD is described by 

(6-1) (3i,32,33) = (e ie , a + ae tf> , u{9) +h(ae~^ +ae^) e^) 

with the parameter 9 G S , where u(9) is an unknown real function satisfying 
u(9 + 2tt) = —u(6). Notice that for a fixed aeC, there two possibilities of D, i.e. 
the upper and lower hemispheres. Corresponding to this, we want to choose u{9) 
so that the circle B6.1JI extends holomorphically to the interior or exterior region of 
{\uj\ — 1} where to = e lb . In the interior case, we want to choose u{9) such that 33 
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contains no negative power in its Fourier expansion. Because u is real valued and 
h is pure imaginary valued, we can expand 

oc 

(6.2) u(9) = {uj e ifl < ,+ *> + ut e~ ie ^} , 

1=0 

oo 

(6.3) h (ae-f +aef) = £ {h a , t e ie « + & -h a ,i e"^>} . 



1=0 

So if we put ui = h a i for I > 1, then we have 



33 



u{0) + h(ae-^ +aeVjj e f = 2^h a .i e W{l+1) + k + Ke w , 

1=0 

where k = uq — h a j can be taken as an arbitrary complex constant. The circle (16. 1|) 
is described in the homogeneous coordinate by 

(6.4) [1 : C : -2(Im a) + 2(Re a)( : -2(Im k) + 2(Re k)( + F(a, w(Q)] 
with the parameter (6lU {oo}, where 

(6.5) W (o = f(o, w) = — ^- y; V; 

The circle (|6.4H extends holomorphically to {Im^ > 0} and {|w| < 1}, and hence 
To is a smooth family parameterized by k £ C ~ R 2 . 

The exterior case is, in the same way, given by (|6.4|) using F(a,uj~ 1 ) instead of 
F(a,u>). In this case, l|6.4[l extends to {Im£ < 0} and {|u/| > 1}. 

In the case (2), it is enough to consider the standard holomorphic disk given by 
{£ € C : Im£ > 0}. In this case, any lift of dD is described by 

(6-6) (3i,32,33) = (e 2ia ,Ze i <*,[u(0 + H0}e i ° t ) 

with the parameter (el, where it(£) is an unknown real function. We define a 
holomorphic function G(£) on {Im£ > 0} by 

h(fl) 



i r 

GO = - / 



Then G(£) extends smoothly to {Im£ = 0} by 

(6.7) G(£) = - P v./°° ^-dn + h(0- 

The first term of the right hand side is equal to —7ih((j,) where Ti is the Hilbcrt 
transform defined by 1)8.4(1 . If we put = + Hh(£), then we have 

MO + MO = "(0 + G (0 

on {Im£ = 0}. The circle (|6.6|1 is described in the homogeneous coordinate by 

(6.8) [-sin a : cos a : £ : u(0 + G(£)] 

with the parameter £ e R. If the circle (|6.8|l is bounded by a holomorphic disk, 
v(£) should extend holomorphically to the upper half plane of £. Because ?;(£) is 
real valued on R, it extends to a holomorphic function on whole C. Hence v(£) 
expands to a non-negative power series of £ with real coefficients. 
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Moreover (|6.8|l converges to yo = [0 : : : 1] by £ — * oo, if and only if has 
any term higher than or equal to £ 2 . These cases are removable, because the disk 
is not contained in 0(1). Hence v(£) should be a degree-one polynomial. Because 
the ambiguity is given by the coefficients of t>(£), Tn is a smooth R 2 -family of 
holomorphic disks. □ 

Let T be the set of all the holomorphic disks in (0(1), P) such that the relative 
homology class of each disk generates ^(CP 3 , P; Z). Then we have T = U!Fd from 
Lemma 16.21 

Lemma 6.4. T has a structure of smooth family of holomorphic disks parametrised 
by TS 2 such that interiors of the disks of T foliate 0(1) — 0(l)|gjp2. 

Proof. Recall the diagram l|2.5|l . and we construct a smooth map $c : Z — > 0(1) 
as a deformation of $c,o such that {^cip -1 ( x ))}xgts 2 is equal to T. Using the 
coordinate defined in Section |3 we define <I>c on Z\d + by 

(6-9) 

{ x l ? x 2 ) X 3 I X 4 ' C + ) 1 * [l : C + : — x l ~ x 2 C + '■ ~ x 3 C + + 2^4 + H { x i , x 2 7 C + )] > 

H+(x+,x+,( + ) = F{a,u;((+)) , a = ^(x++ix+), 

where F is given in H6.5(l . Similarly we define $c on Z\v_ by the same formula as 
(|6.9(l by exchanging the sign - + by -~ and 



H (x 1 ,x 2 ,C ) = -F[a,uj{( ) J, a=-(x 1 +ix 2 ). 

Remark that the parameters run {Im£ + > 0} and {Im£~ < 0}. On the other 
hand, we define <&c on Z\w Q — {/3 — 0} by 

(6.10) (a, 0, £i,£2,£) i — ► [ - sin a : cos a : £ : -£i£ + e 2 + G(£)] . 

From l|6.4[l and Q6.8p . we obtain that {$c(p _1 (a;))}a;eTS 2 is equal to JF. Hence J 7 
is parametrised by T5 2 . 

We have to prove that the above <E>c is smooth. We now check that ()6.9|l and 
(|6.1Ufl are continued. Here we omit the sign '+' for the simplicity. Using the 
coordinate change 

£ = -icot/3 2m , 
which is obtained from (|2.3|l and (|6.5(l . and so on, we have 
[1 : C : -xi - x 2 ( : -x 3 ( + x 4 + H(xi,x 2 ,()] 

= [£ cos a tan (3 — sin a : — £ sin a tan /? + cos a : £ : — £i£ + £2 + -B(a, /?, £)] , 

where 

a ia °° 

(6.11) %A0 = -n5E ft -.' wW - 

uj + e £ — ' 

2=0 

In general, we define the operator n on the L 2 -functions on S 1 = {\uj\ = 1} by 

00 00 
n: u(oj) = Uk^ k ' — ► ^^UfeCj fe . 
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As explained in jlfi) . when \lu\ < 1 we have 

1 f u(r>) , 1 f u(e ie ) , fl ,„ 

ILu(w) = / — — dr]=— -i — '- e l6 d6. 

w 2vri J s i rj - oj 2tt J S i e 10 - lo 

Hence, in our case, 

oo 

h a ,i to 1 = II (e~^h (ae^^ + ae^^ (lo) 



1=0 



d0. 



2tt7 S i e' e -£J 
If we change the parameter 9 by /i = ae~^ + ae^ = cot /3sin(| — a), then we have 

r cot/3 



B(a,/3,0 = f • 2dfl 

7r(w + e 2ia ) 7_ cot/3 - we^T cot/3 cos(| - a) 

_ l + £ 2 tan 2 /? f *' 3 hip) dfi 



- cot /3 — C \A ~ tan 2 (3 y/l — [i 2 tan 2 /? 

Because /i(t) is rapidly decreasing, B(a,/3,£) extends continuously to /3 = and 
we have B(a, 0,£) = G(£). Hence $c is continuous on Z\d + uw - In the similar 
argument, $c is continuous on Z\d_uW - Moreover it is smooth because of the 
above formula. 

We check that 0(1) - 0{l)\ m 2 is foliated by T. For any u e (9(1) - C(1)| RP 2, 
there is a unique standard disk D in (CP 2 , MP 2 ) which contains n(u) € CP 2 — MP 2 . 
Then, from Ij6.4(l or H6.8J) . there is a unique holomorphic disk in Tjj which contains 
u. □ 

Remark : The smoothness of $c is also checked in the proof of Lemma O actually 
$c is holomorphic on the interior of Z for some complex structure on there. 
Remark : For each t £ S 2 , the set of holomorphic disks {Qcip -1 (x))}xeT t s 2 is 
equal to Tr), where D = q (p — 1 (t)) is the standard disk corresponds to t in the 
twistor correspondence for the standard Zoll projective structure. 

Proof ofUn\ Notice that CP 3 -P = (0(1)-C(1)| RIP 2) JJ(0(1)| RP 2-P). We require 
a family of holomorphic disks through yo whose interiors foliate 0(l)| R p2 — P. 
Similar to the standard case, such a family is given by the disks 

(6.12) {[zi :z 2 :z 3 :u + h{z 3 )} : Imu > 0]} U {y } 

for some {z\, z 2 , z 3 ) el 3 - {0}. There is a one-to-one correspondence between S 2 ^ 
and the above holomorphic disks, which is given by putting (z\, z%, z 3 ) = t x v for 
each point in S 2 ^ of the form l|2.7[) . 

If we define T as the union of T and the disks of the form H6.12J) . then jF is 
a continuous family of holomorphic disks in (CP 3 ,P) parameterized by Gr-2(M. 4 ). 
The conditions (tfl), (t)2), and the uniqueness for T follow directly from the con- 
struction. □ 



7. Twistor correspondence 



In this section, we give the proof of Theorem l5.ll 
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Lemma 7.1. For a given twistor space (0(1), P) corresponding to a function h € 
i<S(R) odd , there are a smooth map $ c : Z -> 0(1) and a function f G 5(R 2 ) sym 
which satisfy the following properties: 

(1) $c,x '■ Z x — * 0(1) *s holomorphic on the interior of Z x — p^ 1 (x) and 
<&C x (dZ x ) C P, where x is £/ie restriction of $c 

(2) <!>c is injective on Z — dZ, 

(3) {^(^c (2/))}ye-P * s e Q ua l to the set of [3 -surfaces on TS 2 , 

respecting the self-dual metric on TS 2 and the complex structure on Z corresponding 
to f. Such f is given by 

(7-1) f(x) = 2i(^j\x). 

Proof. The map $c is already constructed in Lemma |6.4I and the conditions (1) 
and (2) are already checked. We now construct / G 6>(R 2 ) sym and check the con- 
dition^). If $c is holomorphic on the interior of Z with respect to the complex 
structure defined from /, then the equation i|5.3|) holds, and this is equivalent to 

(7.2) ^-^)((l- W )F(o ) w))=-2w/. 

For given h, the function / is uniquely defined by 1(7. 2|1 . Actually, from the identity 

>e d _i0 d . , , „ , 

e 2 - e 2 — hlae 2 + ae 2 = 0, 



da da 



we obtain 



dh a i dh a l -i dh a , . 

— — - = — — t > 1, and is real valued. 

aa da da 



dh 

So the equation l|7.2|l holds if and only if f(x) — 2i , where x = (xf,X2) and 



+ ia?2 )• Here we have 



' 2 /i (ae 2 + ae" 2 ) d9 



j_d_ r 

2tt da J si 

-iO _ 

ae 2 + ae 2 ) dO 

(*). 



l_ f 9h( 

27 y sl at r 



at 



s 1 

v 



hence we put 



9ft 



v 



(7-3) f(x)=2i\^— j (x) 

which is real valued, rapidly decreasing and axisymmetric. 

Now we prove that the condition (3) holds for this /. The equation 1)5.3(1 holds 
on {C + e C : Im( + = 0}, so, for a fixed £ + G R, the functions 

-x^-x^,( + and - xj( + + x\ + H(xf, x^ , C + ) 

are annihilated by n 1; n 2 given by (|4.3|) . Hence p($ _1 (?/)) is a /^-surface on TS 2 \rj + - 
In the same way, p($ _1 (y)) is a /3-surface on TS 2 \d_ so p(^~ 1 (yj) is a /^-surface 
on TS 2 . Hence the condition (3) holds. □ 



22 



FUMINORI NAKATA 



Lemma 7.2. For a given self-dual metric on TS 2 corresponding to a function 
f £ <S(R 2 ) sym , there are a function h £ iS(M.) odd and a smooth surjection $c : 
Z — > 0(1) which satisfy the condition (1), (2) and (3) in the Lemma \7. 1\ respecting 
the complex structure on Z defined from the self-dual metric and the twistor space 
(0(1), P) corresponding to h. Such h is given by 

(7.4) h{t) = -\Hf{t). 

Proof. We have already seen in (|5.2|) that there is a natural map <& : F = dZ — > 
0r(1), which is given by 



(7.5) (0,0,61,62,0 



sin a : cos a : £ : -£i£ + e 2 + 



on F|wo- Now we deform this map so as to extend holomorphically to the upper 
half plane of £. For this purpose, we put 

(7.6) mo = ^pv£^ = -^; ( £) 

which is odd, rapidly decreasing and pure imaginary valued. Similar to the previous 
section, G(£) = /l(£) + z/(£) extends holomorphically to {Im£ > 0} by 



4?ri 7-oo M - £ 
Instead of (|7.5|l . we define a map T : Z|vk - * 0(1) by 

(a,0,ei,e 2 ,0 1 — * [-sin a : cos a : £ : -£ X £ + e 2 + G(£)] . 

Let (0(1), P) be the twistor space corresponding to ft. € i<S(R) odd , then T x : 2^ — > 
0(1) is a holomorphic disk in 0(1) with boundary on P for each x £ TS 2 \w - 

By Lemma lV.ll we can construct a smooth map $c : — > 0(1) with $c(<9.Z) = 
P, which is holomorphic on the interior of Z with respect to the complex structure 
defined from the function 

'dh s " 



Kx) = 2i[—j (x). 
Connecting with l|7.6|l . we have 

By the inversion formula JH3J, we have k(x) = f(x). Therefore <&c is holomorphic 
with respect to the given complex structure on Z. Remark that the restriction of 
$c to Z\w is equal to T. The conditions (1), (2) and (3) follow from Lemma 

rm □ 

Lemma 7.3. |7.^| ) defines a one-to-one correspondence between f(x) £ <S(R 2 ) sym 
and h(0 £ iS(Rp d . 

Proof. From the Schwartz's theorem (Theorem 2.4 of |S]), we can check that the 
Radon transform f(x) -> ip(p) = f(p) is one-to-one from S(R 2 ) sym to S(P) sym , 
where V is the set of unoriented lines in R 2 and 6>(P) sym is the set of rapidly 
decreasing functions on V which depend only on the distance from the origin. Then 
we can identify S(P) sym with 6>(R) cvcn the set of rapidly decreasing even functions 
on M. 
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On the other hand, Hilbert transform ip — > H.tp is involutive, i.e. Ti. 2 = id. 
Moreover, Ti exchanges odd functions and even functions, or real valued functions 
and pure imaginary valued functions. Getting together, the statement holds. □ 

Proof of l5.il The one-to-one correspondence is already given in Lemma 17.11 17.21 
and 17.31 So we construct the double fibration Gr 2 (M 4 ) «— Z — + CP 3 and we check 
the conditions (1), (2), (3) and (4). As explained in the proof of Proposition 16. II 
the family of holomorphic disks in (CP 3 ,P) is parametrized by Gr 2 (R 4 ) for each 
h E iS(S.) odd . Let D x be the holomorphic disk in (CP 3 ,P) which corresponds to 
x € Gr 2 (R 4 ), and we put 



Z = 



{(x,y) € Gr 2 (R 4 ) x CP 3 : y e D x 



We define p : Z — > Gr 2 (R 4 ) and : Z — > CP 3 as the projections. Respecting the 
natural embedding Z — > Z, p and ^ are natural extension of p and <£>c respectively. 
From Proposition ^ . II and its proof, p is a disk bundle with fiberwise complex struc- 
ture, and \P is a continuous surjection, so the condition (1) holds. The conditions 
(2) and (3) follow from Proposition l6.ll Lemma f7. II and Lemma IV. 21 

For the last, the condition (4) follows from the continuity of the family of 
holomorphic disks. Actually if y ^ y n then p( v I /_1 (y)) is the closure of the /?- 
surface pi^^iv)) C TS 2 , and if y — y then p(* _1 (y )) = S 2 ^ is the singular 
/3-surface. □ 

From the condition (3) of Theorem l5.ll p induces a continuous map w : (CP 3 — 
P) — > Gr 2 (M 4 ) which is smooth on O(l) — C(1)| RP 2. Next proposition says that w 
is not differentiable on C(1)| RP 2 — P when the singularity exists. 

Proposition 7.4. vj is differentiable if and only if h(fi) = 0. 

Proof. Let V = {[1 : w\ : w 2 '■ 11)3] € CP 3 } be an affine open set. Then V D P is 
given by {(w%, w%, 11)3) : Imwi =Imw2 = I1111D3 — JiaH = 0}, where H is a function 
on {(wi,W2) ■ Imwi 7^ 0} given by 

. /ImWiw 2 lmw 2 

H = H — , ,wi 

\ Imwi Imwi 

by using defined in l|6.9f) and so on, and Im H extends continuously on {Im w\ — 
0} from the definition. Let U be an open neighborhood of Gr 2 (K 4 ) given by l|4.4ll . 
Then the image w{V \ P) is contained in U and w\ v ^p is described by 

Imwi(w3 — H) Imwi 
u i = —r~, 7W~ > u 2 ~ 



Im(z«3 — H) ' Im(it;3 — H) ' 

IniW2 Im w 2 (i«3 — H) 

3 Im(w3 — H) ' 4 Im(ui3 — H) 

Remark that these equations are defined on {Imwi 7^ 0} n (V \ P), however these 
are continuously extended on V \ P. 

Now we prove that if w is differentiable, then, for all A > 0, h(fi) — for any 
/i e [—A, A]. Let t € (— £, e) be a parameter on a small interval, and we fix s e M. 
We take a smooth curve in V \ P given by 

(wi 7 w 2 , W3) = (s + it, A(—s + it), c(t)), 
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where c(t) is a smooth function. Then 

H = H(t) = H ± (0, -A,s + it) 

is defined on t ^ and lmH(t) is defined on t 6 (—£,£). We have Imc(i) 
Imif(t) ^ for all t G (-e,e), and 

Re(c(i) - ffmi 



Hence 



,. du 4 ,. Re(c(t) - #(*)) 
hm — — = — hm ■ 



t— o dt Im(c(i) - #(*)) 

Since lmH(t) is continuous, Reff(i) is also continuous if w is differentiable. By 
definition, we have 



H(t) = H+(0,-A,s + it) = F [^,uA = j^—J2 h 4-.i u}l+1 on * >0 > 

u 1=0 



H(t) = H-{0,-A,s + it) = -F(^,w- 1 j=-—^^2hA l u~ l on t < 0, 

^ ' 03 1=0 

where uj — uj(t) = - ^ £| ~ I . If we evaluate a = 4 to the expansion of /i given in 
we have 

(7.7) *(acob§) =£{^ e ^)-^e-^)}. 



Then we have 



it a 

lim Im Zf(t) = lim Im iJ (£) = h I A cos - 

t\o tyo sin § V 2 

1 OO 

lim Re #(0 = -limRe.ff(i) = wY\h A + ~,e~ lB{l+ ^\ , 

where we define 8 = 9{s) G (0, 27r) so that e lB = = w(0). The first equation 
says that ImiJ(t) is indeed continuous. The summand in the right hand side of the 
second equation defines a Fourier expansion for some L 2 -function for e~ which is 
zero almost everywhere if HeH(t) is continuous for every s G R. Hence h a l = 

for all I, and we have h(A cos |) = for all from l|7.7|l . Therefore, for all A > 0, 
= for any /i G [— A, A] if w is differentiable. □ 

8. Appendix : Radon transform 

Here is a review of the Radon transform over R 2 (cf. (i ). Let V be the set of 
oriented lines in R 2 . Then V is diffeomorphic to S 1 x R, where the correspondence 
(R/27rZ) x R 3 (<r, /i) i— > £ G P is given by £ = {£(cos <r, sin a) + sin a, cos a)} 
using parameter f G R. Let T 3 be the set of unoriented lines in R 2 , then V = 
(S 1 x R)/Z2 where the equivalence is (a, fi) ~ (a + tt,—^l). Let / be a rapidly 
decreasing complex valued function over R 2 , then the Radon transform f of / is 
defined by 

/oo 
f(t cos a — [i sin a, t sin a + fi cos a)dt. 
-oo 
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Then / is rapidly decreasing function on V . The dual transform (p v of rapidly 
decreasing function tp on V is defined by 

(8.2) if v (x) = ^ J (p{<J,n(x,a))da, 

where fi) = —x\ sin a + xi cos a. Remark that (a, fi(x, a)) runs all the oriented 
lines through i£l 2 . The inversion formula is given by 

1 (JL 

where H.^ is the Hilbert transform defined by 
(8.4) (H uV >) (tr, l*) = - Pv. / ^^-dv. 
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